ABSTRACT. For an integer ℓ ≥ 2, let U (ℓ) be the class of matroids with no U 2,ℓ+2 -minor. A matroid in U (ℓ) is extremal if it is simple and has no simple rank-preserving singleelement extension in U (ℓ). An amalgam of two matroids is a simultaneous extension of both on the union of the two ground sets. We study amalgams of extremal matroids in U (ℓ): we determine which amalgams are in U (ℓ) and which are extremal in U (ℓ).
INTRODUCTION
The class L(q) of matroids that are representable over the finite field GF (q) plays a central role in matroid theory; for instance, a major conjecture due to Rota asserts that each class L(q) has only finitely many excluded minors; also, the classes L(q) are the settings in which a matroid counterpart of Robertson and Seymour's graph minors theorem is being pursued [3, 4] . Among the excluded minors of L(q) is U 2,q+2 , the line with q + 2 points. An important generalization of L(q) is the class U(q) of matroids that have no U 2,q+2 -minor. The inclusion L(q) ⊆ U(q) is strict for q > 2. We need not limit q to prime powers: we also consider, for any integer ℓ ≥ 2, the class U(ℓ) of matroids that have no U 2,ℓ+2 -minor. These classes feature prominently in extremal matroid theory (see [5] ) and the matroid minors project is leading to many tantalizing problems about minor-closed classes, such as U(ℓ), that are formed by excluding a uniform minor (see [2] ).
We consider extremal matroids in U(ℓ), that is, matroids in U(ℓ) that are simple and have no simple rank-preserving single-element extension in U(ℓ). Kung [5] posed the problem of classifying all extremal matroids in U(3). The corresponding problem for U(ℓ) in general subsumes the difficult problem of finding all projective planes since, as we show in Theorem 3.2, many finite projective geometries are extremal in U(ℓ). We focus on the following problem: given some extremal matroids in U(ℓ), how can we construct more?
The concept of an amalgam captures the idea of gluing two matroids together along a common restriction. In the first main result, Theorem 4.1, we identify the amalgams of pairs of extremal matroids in U(ℓ) that are also in U(ℓ); such amalgams are particular generalized parallel connections. The second main result, Theorem 4.5, characterizes when these generalized parallel connections of extremal matroids in U(ℓ) are also extremal. To convey the flavor of our results, we cite the case of Theorems 4.1 and 4.5 for the parallel connection, which is the matroid counterpart of joining two graphs along an edge. (The additional conditions that are required in the general case automatically hold in this case).
and only if it is their parallel connection. Also, their parallel connection is extremal in U(ℓ) if and only if there is no pair
Proof. It follows from Lemma 2.4 that F has a pair of complements X and Y with X ⊂ Y , with r(X) = r(M ) − r(F ), and with r(Y ) = r(X) + 1. Since r(F ) + r(X) = r(M ) and since
To motivate generalized parallel connections and, more generally, matroid amalgams, we first recall parallel connections of (simple) graphs. Let G 1 and G 2 be graphs on disjoint vertex sets. Let t denote an edge in each graph along which we want to join the two graphs. A parallel connection of G 1 and G 2 is a graph that is formed by identifying (in one of two possible ways) the end-vertices of t in G 1 with the end-vertices of t in G 2 and retaining all edges of G 1 and G 2 . (See Figure 1. ) Thus, G 1 and G 2 are subgraphs of their parallel connections, up to renaming the end-vertices of t. The two options for identifying the end-vertices of t in the two graphs yield two parallel connections, but both have the same circuits and so have the same cycle matroid; indeed, these graphs are related by the twisting operation that is part of the definition of 2-isomorphism (see, for example, [6, p. 148] ). Let C(G) denote the set of circuits of a graph G. It is easy to see that the set of circuits of a parallel connection of G 1 and G 2 is From this result on circuits, it follows that in the corresponding cycle matroids, a set of edges in the parallel connection is a flat if and only if, for both i ∈ {1, 2}, its intersection with the edge set of G i is a flat of M (G i ).
Let r 1 and r 2 be the rank functions of the matroids M 1 and M 2 on the ground sets E 1 and E 2 , and let cl 1 and cl 2 be their closure operators. An amalgam of M 1 and M 2 is a matroid M on E 1 ∪ E 2 for which M |E 1 = M 1 and M |E 2 = M 2 . For example, the cycle matroid of a parallel connection of two graphs is an amalgam of the cycle matroids of the original graphs. Note that if an amalgam exists, then
The most-studied type of amalgam is the generalized parallel connection. Assume
is a modular flat of M 1 , and (GPC3) each element of cl 1 (T ) − T is either a loop or parallel to an element of T . Set N = M 1 |T . The generalized parallel connection of M 1 and M 2 is the matroid
The most familiar instances of this construction arise from T = ∅, which gives the direct sum, M 1 ⊕ M 2 , and from |T | = 1, which gives the parallel connection, P (M 1 , M 2 ). The generalized parallel connection of two copies of the projective plane of order two, with T being a line, is illustrated in Figure 2 .
A straight-forward argument using chains of flats shows that the rank of a flat F of
When two matroids have isomorphic restrictions, one matroid can be replaced by an isomorphic copy so that property (GPC1) holds. Thus, if our interest is in the isomorphism type of matroids (as in the examples discussed in Section 4), there can be many ways to join them by the generalized parallel connection. In contrast, properties (GPC2) and (GPC3) are invariant under isomorphism.
The next lemma follows easily from the definition of modularity and equation (2.1).
. . . FIGURE 2. The generalized parallel connection of two copies of the projective plane of order two along a line.
This corollary and the next lemma apply in the setting that is of central interest in this paper, namely, when T is a modular flat of both M 1 and M 2 , so the two matroids play comparable roles in
where F 1 and F 2 are colines of M 1 and M 2 , respectively, with
Proof. We prove part (2); part (1) is proven similarly. Let F be a coline, so its rank is 
An
A single-element extension of M can be specified in many ways. For instance, it is determined by a modular cut of M , that is, a subset M of For F ∈ F(M ), the set M F = {X ∈ F(M ) : F ⊆ X} is a modular cut. We call M F a principal modular cut; the corresponding extension of M is denoted M + F e.
The order of a finite projective geometry is q if each of its lines has q + 1 points. For r ≥ 4, the order of any finite rank-r projective geometry is a prime power; furthermore, the projective geometry P G(r − 1, q) that is constructed from an r-dimensional vector space over GF (q) is, up to isomorphism, the only projective geometry of rank r and order q. The geometries P G(r − 1, q) with r ≥ 3 are precisely the projective geometries of finite order for which Desargues' theorem holds. It is known that for every proper (i.e., non-prime) prime power q with q ≥ 9, there are also non-Desarguesian projective planes of order q. It is currently unknown whether there are any (necessarily non-Desarguesian) finite projective planes whose orders are not prime powers. All flats of projective geometries are modular, so all modular cuts in projective geometries are principal.
SOME EXTREMAL MATROIDS IN U(ℓ)
The extremal matroids in U(ℓ) identified in the two results below, which we use to illustrate Theorems 4.1 and 4.5, generalize some of those in U(3) noted in [5] .
Theorem 3.1. If ℓ is odd, then U 3,ℓ+2 is extremal in U(ℓ).
Proof. Obviously U 3,ℓ+2 ∈ U(ℓ). Let M be a proper single-element extension of U 3,ℓ+2 . Lines in M have at most three points. Those with three points must contain two points in U 3,ℓ+2 and the point not in U 3,ℓ+2 , so, since ℓ is odd, some point b in U 3,ℓ+2 is in no such line. Thus, M/b ∼ = U 2,ℓ+2 , so M ∈ U(ℓ), as needed.
Since ℓ > 1, no line of U 3,ℓ+2 is modular, so this result can be used with Theorem 1.1 to produce more extremal matroids in U(ℓ). Proof. Part (i) is clear. For part (ii), first assume M is extremal. If r = 3, then fix a line L of M and set M ′ = M + L e; the greatest number of points in a rank-2 minor of M ′ is q 2 + 1, which is ǫ(M ′ /e); thus, M ′ ∈ U(q 2 ) − U(ℓ), so ℓ < q 2 . Since P G(r − 1, q 2 ) extends P G(r − 1, q), the same conclusion holds for r > 3. For the converse, assume ℓ < q 2 . Let M ′ be a proper single-element extension of M ; thus, M ′ = M + F e for some F ∈ F(M ) with r(F ) ≥ 2. If r(F ) = 2, then, for any rank-3 flat
If r(F ) ≥ 3, then for any X ∈ F(M |F ) with r(X) = r(F ) − 3, the minor si(M ′ |(F ∪ e)/(X ∪ e)) is isomorphic to U 2,q 2 +q+1 , so M ′ ∈ U(ℓ). Thus, as needed, M ′ is extremal.
AMALGAMS OF EXTREMAL MATROIDS
Throughout this section, the matroids M 1 and M 2 have ground sets E 1 and E 2 , respectively; also, we assume M 1 |T = M 2 |T , where T = E 1 ∩ E 2 , and we set N = M 1 |T . 
This result follows from the next two theorems, the first of which deals with an arbitrary minor-closed class C of matroids. As for U(ℓ), a matroid in C is extremal if it is simple and has no proper single-element extension in C. Proof. Note that E 1 is a flat of M since M is a simple matroid in C with M |E 1 = M 1 , which is extremal in C. If E 1 were not modular, then, by Lemma 2.5, some contraction M/X would be a proper extension of M |E 1 , that is, of M 1 ; this is impossible since M ∈ C and M 1 is extremal in C. Thus E 1 , and likewise E 2 , is a modular flat of M . By Lemma 2.3, the set E 1 ∩ E 2 , that is, T , is a modular flat of M , and so of M |E 1 and M |E 2 , so statement (i) holds. Also,
which is the rank of P N (M 1 , M 2 ), so Corollary 2.10 gives statement (ii).
The following corollary treats the case in which M 1 and M 2 are simple but the amalgam M might not be. Since M 1 and M 2 are simple, M has no loops. Let Z be the union of the non-singleton parallel classes of M , which must have the form {x 1 , x 2 } with 
Proof. Set M = P N (M 1 , M 2 ). We use Lemma 2.1 to show M ∈ U(ℓ). The hyperplanes of M that contain a coline F i ∪ E j in item (a) of Lemma 2.8 are the sets
is contained in only two hyperplanes. For a coline H i ∪ F j of M in item (c) and for y ∈ E j − F j , we have
The next result characterizes when To illustrate this result, fix an integer q for which there are at least two non-isomorphic projective planes of order q; also fix ℓ with q ≤ ℓ < q 2 . By Theorems 3.2, 4.1, and 4.5, the parallel connection of any two projective planes of order q along a point T is in U(ℓ) but is not extremal; in contrast, if the planes are not isomorphic, then their generalized parallel connection along a line T is extremal in U(ℓ). Generalized parallel connections of two such planes at different lines may give non-isomorphic extremal matroids since the automorphism group of a non-Desarguesian projective plane need not be transitive on the lines. For the same reason, generalized parallel connections of two copies of the same non-Desarguesian plane along lines may give extremal matroids in U(ℓ). Similar remarks apply to generalized parallel connections of a non-Desarguesian projective plane of order q and P G(r − 1, q) with r ≥ 4. Also, if q and q ′ are prime powers with q < q ′ ≤ ℓ < q 2 , then the parallel connection of a projective geometry of order q and one of order q ′ along a point T is extremal in U(ℓ).
Like Theorem 4.1, Theorem 4.5 is a corollary of two further results, to which we turn. Proof. By assumption, some proper single-element extension Proof. Set M = P N (M 1 , M 2 ). By Theorem 4.4, M ∈ U(ℓ). We will show that H = {H ∈ H(M ) : {x, φ(x)} ⊆ H for some x ∈ T 1 − T } is a linear subclass of M and the corresponding proper single-element extension is in U(ℓ). We first show that if H ∈ H, then φ(H ∩ T 1 ) = H ∩ T 2 , so
This follows easily if H is as in item (A) of Lemma 2.8, so assume H = H 1 ∪ H 2 where H 1 and H 2 are as in item (B). Since H ∈ H, we have φ(x) ∈ H 2 ∩ (T 2 − T ) for some x in H 1 ∩ (T 1 − T ). Since H 1 ∩ T ∈ H(N ), we get H 1 ∩ T 1 = cl 1 (H 1 ∩ T ) ∪ x ; likewise, H 2 ∩ T 2 = cl 2 (H 2 ∩ T ) ∪ φ(x) . The claim follows since H 1 ∩ T = H 2 ∩ T and since the isomorphism φ fixes T pointwise.
To show that H is a linear subclass, we prove the following claim: if H, H ′ ∈ H with r(H ∩H ′ ) = r(M )−2, then {x, φ(x)} ⊆ H ∩H ′ for some x ∈ T 1 −T . If H is H i ∪E j as in item (A) of Lemma 2.8, then, since H i ∩ (T i − T ) = ∅, we get T i ⊆ H i , so H contains all sets {x, φ(x)}, and the claim follows. Now assume T ⊆ H and T ⊆ H ′ . Write H as H 1 ∪ H 2 with H i ∈ H(M i ), as in item (B); similarly write H ′ as H
